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Abstract

In this paper, we define g-analog of the generalized harmonic numbers H,(«) and the
generalized hyperharmonic numbers of order r, H) («), and obtain some sums involving
these numbers. Finally, we examine new applications of an n x n matrix A, = [a; ;] with
the terms a; ; = HJ (J,q).
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1. Introduction

The harmonic numbers are defined by

n
Hy =0, Hn_kzlllf form=1,2,....

These harmonic numbers are studied in various branches of number theory and combi-
natorial problems. There are some generalizations of the harmonic numbers H,,. The
generalization of harmonic numbers, called as hyperharmonic numbers, are introduced
[3,4,9,12].

Benjamin et al. [3] defined the hyperharmonic numbers of order r, H), as follows: For
n,r > 1,

n
r __ r—1
H' = Z H 7Y
k=1

where for n > 1, ngiandforr<00rn§0, H =0.
From the definition of H], it is clear that
n
1
HY=1 and H)=> - =H,.
1 an n kz::l L n

The authors gave the identities

~1 n —k-1\1
nH;;:("Jr: )wHﬂ and H;:Z("Jr:_l )k
k=1
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Conway and Guy [5] obtained these numbers by taking successive partial sums of harmonic
numbers. They gave the hyperharmonic numbers in terms of ordinary harmonic numbers

as shown
n+r—1
H:; = ( r—1 )(HnJrrl - Hrfl)-

Considering the n x k matrix G" = {HILH:”, Bahsi and Solak [2] obtained relation

between Pascal matrix and the matrix G", and the determinant of the n x n matrix G".
n .o
Using the generalized harmonic numbers of order m, H,, , = > %m, Omiir and Koparal
i=1
[11] defined two n x n matrices B,, and K,, with b; ; = H; and k; j = Hg’m, respectively,
where Hy, . are the generalized hyperharmonic numbers of order . They gave some new
factorizations and determinants of the matrices B,, and K,,.

Definition 1.1. [6] For every ordered pair (a,n) € Rt x Z*, the generalized harmonic
numbers H,(«) are defined by

LS|
P ko

For o = 1, the usual harmonic numbers are H,(1). There exists integral representation
1 n
in the form H,(a) = [ #dm with L(a) :=1—
L(a)
Omiir and Bilgin introduced the generalized hyperharmonic numbers for the generalized

1
S

n
harmonic numbers Hy,(a) = Y ﬁ
k=1

Definition 1.2. [10] The generalized hyperharmonic numbers of order r, H] (), as fol-
lows: For r <0 orn <0, H) (o) =0 and for n,r > 1,

Hy (a) =Y Hj ™ (o),
k=1

where HY (o) = -1

na™*

They wrote the generalized hyperharmonic numbers of order r, H) () as sum of the
fractions ﬁ as follows: For every ordered pair (o, r) € RT x Z*, then

, “fn4+r—k—-1\ 1
Hn@“):;( Fo )zmk
=1

The g—analog of positive integer n is defined as

n—1

where ¢ # 1. Also [0] , = 1. Let n and m denote integers. Then the g—binomial coefficients

are defined by
n ,”7“1' ifo<m<n
= mql(n—m),! ’
m, 0 otherwise,

where ng! = 1424...n4.
The g—analogs of the well-known binomial identities are given as follows ([1,7,13]):

s R o
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ni |n—1 Lok n—1
k" k=1 Tk |
q q q

"= (k) (m El |n—Fk n+1
Z a2l +1)[ ] [ . ] = , (1.1)
k=p q q

q

D p+m-+1

and g-analog of Vandermonde identity is

; JFmh=0) Lf Tk] q m q - [m : ”} ) (1.2)

where max(0,t —m) < k < min(n, ).
Two g-analogs of H,(«) are given by, for 1 < n,
" 1

Holovq) =)+

=1

k’
qa

ol

and

n k
~ q
Hy (o, q) = Z ke

=1 kqa 1/4q

By means of g—difference operator, Kizilates and Tuglu[8] derived g—analogue for
several well known results for harmonic numbers and gave some identities concerning

q—hyperharmonic numbers. For example,
. qm+1
Hn(1,q) = ——+ | -
q ( " (m + 1)q>

> qkm[ ] Hy (1,q) =
m
k=m q
Mansour and Shattuck [9] defined the g-analog of H) and gave some sums related to these
numbers. For example, let n and r be positive integers. For 0 < s <r —1,

m+ 1

H:L(lv Q) = Z q

“ k(rs)ln—l—r—s—k—
k=1

1 s
] Hk(17Q)7
q

r—s—1

and for 0 < s <,

S

T n—s $ r—

Hy(1,q) =Y ¢*"th M Hy~%,(1,q).
k=0 q

2. A g-analog of the generalized hyperharmonic numbers of order r

In this section, firstly, we will give the definition of g-analog of the generalized hyper-
harmonic numbers of order r, H ().

Definition 2.1. For r < 0 or n <0, H), (cv,q) = 0 and for n,r > 1, we write

n
H; (Oé, Q) = Z qu]:_l (Oé, Q) ) (21)
k=1
-1
where HC (o, q) = P
It is clear that for n,r > 1,
Hy (a,q) = ¢"Hy ™" (o, q) + Hyy g (@,q). (2:2)

Theorem 2.2. Forn > 1, H, (o, q) = qH,, (a,1/q).
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Proof. From the g-analog of the generalized harmonic numbers H, («, q), we have

1 1 1
H =+ — ..
and by the definition of ng,
Hy (e, q)
1 1 1

1ol T A r et T T Mgt @ 1o+ g el
Multiplying both sides by 1/q and using n; /q» We get

1 ; = =
-H,(a,q) = -+ 4 + g
’ lat 1) 41+ 14 1) o (+g+e?
d “ (1+q)a ! <1+q+q2>a( )
1
+ 1 1 ql 2 n—1
(1 totatot qn_l) a(l+a++...+q"1)
n k
1/q ~
= L / kg = H, (Oé, 1/Q)
k=1 "1/¢%
Thus, the proof is complete. O

Lemma 2.3. Let m and r be positive integers such that 0 <m <r —1. Forn >0,

—m—1
Ti qk(n-i—l) TL+T—I€—1 _ n+r (n+1)(r m) n+m
P’ r—k—1 n—+ 1 n+1
Proof. Consider
= knyn) [T — k=1
Z 4 r—k—1
k=0
-1 -1
. T k(n—i—l) TL+T—]€—1 _ (T—m)(n+1)m k(n—i—l) n+m — k'—l
= > q r—k—1 g 2.4 m—k—1
k=0 q k=0
By (1.1), we have the sum as follows:
t—1
n+t—k—1 n-+t
qu(n+1)[ o 1 o (2.3)
k=0 q q
Thus, taking t = r,m in (2.3), resp., we write
—m—1
Ti qk(n+1)n+"”—k—1 | L ey |
P r—k—1 n+ 1 n+1]|"’
=0
as the claim result. O
Now, with the help of (1.1), we can give the following result.
Lemma 2.4. Let m and r be positive integers such that 0 <m <r —1. Forn >0,
- k—m—1 -
S gkt |7 km ] = g(m=) [n T m] . (2.4)
k=0 q " q
Theorem 2.5. For n,r > 1 we have
nr—1

zq “HE(a,q) = HI(a,q) — 2

o
nga™
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Proof. We prove this by induction on r. For r =1,

1

ST VPHE (a,q) = Hy_i(a,q).
k=1

By (2.2), we have

n—1

1
q
Z MEOHY () = Hy(onq) -

ngaa’
Now assume that the claim is true for » — 1. Thus we show that the claim is true for r.

Then

Zq”(’”kﬂklaQ) = HJ_, aq+Zq"’"’“H’“ (a,q)

= H_i(a,q) +q" Zq” Rk (a,q).

By the induction hypothesis and (2.2), we get

k) ok L q (r—-1)-1
n r— _ T n r— _ _
Z ¢""VH ((a,q) = Hy_(anq) +4q (Hn (@, q) nga )
anfl
— T _
- Hn(aa Q) nqanq
The desired result is obtained. O

Theorem 2.6. For every ordered pair (o, ) € RT x ZT, we have

n4r—k—1[ ¢*1
qk:qakq'

Proof. We prove this by induction on n. For n =1, by (2.1), we have

1
Hi (a,q) = > ¢"H; ' (a,q) = qH] " (,q)
k=1
1
= qY ¢"H]*(a,q) = ¢"H{*(a,q)
k=1
= L =gH ()=
1,0l

Assume that the claim is true for n — 1. Thus we show that the claim is true for n. By
Theorem 2.5, we have

rn—1

q
T
H; (a,q) Zq HY_ (a,q)+nqanq-
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By the induction hypothesis, we get

Hy, (o, q)
i (r—k)n nil n+k—t— j| qk:t—l qrn—l
= q
pt =1 k—1 . tqatq ngo'a
r

From (2.4), we have

as claimed.

Theorem 2.7. Forn>1 and 1 <m<r we have

H (o, q) = Zm

Proof. From (2.5), we have

k—l—m—l _
o ] H = (@, ).
q

n

Hi(a,q) =Y

k=1

n+r—k—1 q”k_1
r—1 qkqakq'

Taking r —m — 1, m — 1, n — k+r — 2 instead of p,m,n in (1.1), resp., we write

B i "Z_kmzn i—k+m—1| [i+r—m-—1 g1
“ 9 m—1 r—m-—1 kqakq
q q
—it+m-—-1| [i—k+r—m-—1 g(r—mlk—1
m—1 . r—m—1 . kqakq

= milm—t+m-—1 L limk+r—m—1 q(r—m)k—l
- 3 > e
, m—1 1 ] kqaka

Pt rT—m —

= m—1 . = r—m—1
- i+m—2] .
= e[
=1 q
n—1 .
- -1
=0 q

Thus, the proof is complete.

Theorem 2.8. For 0 < m < r < n, we have

& n—m m r r "
Z qk( +k) lk‘| Hn ]:nJrk(av Q) = Hn(a7 Q) - anm(ch q)‘
= q

-1 -1 -
B n 1 ( [n +k—t— 1] t(k+1)1+n(rk1)) 4 qm 1
o t,ata k a ngoa’
q q q

_ oy g [T m 2 "’fl n—itlar—m—k—1] qr-mkt
! kqaka
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Proof. By (2.5), we have

zm: qk(n—
_ i qk(n—

_ i qk’(n—

n—

S. Koparal, N. Omiir, C.D. Colak

k=1i=n—m+

i—1

G n—m+k—i - +r—i—1
— k r—k—1
q q

k) [T k
m+) k HTTL m+k(aaQ)
L g
T IS Sl LA i
k — r—k—1 iqadia
L 1q =1
m+k)_m_ n_m[n—err—z‘—l} M
_k_qi:1 r—k—1 gt
i—i_k k(n—m+k—i) | n—m-+r—1—1 qri—l
1q k r—k—1 iq0
4 q

and applying some elementary operations, equals

nmmlm

= Y qu(" "

iq
=l

P
=1 k=1

n—m _ri—1 m

— Zq qu(n m

iq
= g

n

+ Zq

i=n—m+1 k=i—n+m

n—m _ri—1

m
— q ‘ k(n—m
i; lg@s kz:;q

+Zq

i=n—m+1 lq

ri—1 n—t

iq
X =0
n—m _ri—1 M

_ Z q i qu(nfm

1q
i—1 %" 15

ri—1 n—t
Py ey

i=n—m-+1 lq k=0

it

Zq (k+i—n+m)

g kAm—(n=1) r—itn-—m
n—i—=k . k

ke [m} n—m+r—i—1
q

r—k—1
L q

r—i—1] qr(z‘+n—m)—1
r—k— 1_ q (7, +n— m)qa(i+n*m)q

ke [ ] -n—m+r—i—1]
k r—k—1
ql q
k(k—itn—m) [m] lr—i—i—n—m—l} q"!
k . r—k—1 qiqa’q

th—iy|m| [n—mFr—i—1
k r—k—1
q q

m
k+i—n+m .

+k—1)
=1

m

r—i4+n—m
r—k—i+n-—m

m| [n—m+r—i-—1 _ninq”_l
k r—k—1 —~ G0l
q q 7

2]

r—3—1 qr(i+n—m)—1
e k—1 q(i +n— m)qa(i‘*‘"_m)q ’

-1

[n—m+r—i—1

-1
q

r—1

|
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With help of g-analog of Vandermonde identity (1.2), we can show that for m <r — 1,

k=1
_ nr n+r—i—1] (.1”'_.1_'_ z": [n+r—i—1] (']m'_'l
P r—1 qzqoﬂq i1 r—1 qzqoﬂq
nin n—m+r—z—1] g1
P r—1 qiqoﬂq
B z": n—i—r—i—l] gt nf[n—m—i—r—i—l] gt
pa r—1 igate r—1 qiqoﬂq
= H;(a,q) = Hy (a5 q)
as claimed. g

3. Some applications for the g-analog of the generalized hyperharmonic
numbers of order r

In this section, we define an n x n matrix A, = [a; ;] with a; j = H] (j,q) and an n x n
matrix Cn = [Ci,j] with Cij = Hf(], q).
Now we can give the following theorem:

Theorem 3.1. For n > 0, we have

where the n x n matric Fy, = [f; ;] with

. U] iz,
l’] 0 otherwise,

where 0 < s <r —1.

Proof. 1t is clear that a1 1 = H{(1,q) = ¢" ' = fii1c11. Fori =1, j > 1, we write

n

> figch

k=1

n Nlr—s—k )
= > q" 5)[ Lk ] H(j,q)

k=1 q
J— T—SHS . _ r—S q571 _ qril — HT S J— .
= q 1U,9) =q = = H{(j,q) = a1 ;.
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For i > 1 and j > 1, we obtain

n

> fikCry

k=1
% _alt+r—s—k—-1 .

=Yg o 1Hﬁ%®
k=1 ¢ ;

— i k(r—s)i+r—8—k—1‘| zk: k—l—s—t_l] 1
k=1 i—k qi=1 s—1 . tqjla

— Zqrt_li:q(k—t)(r—s)i+7’—s—k—1 k+s—t—1

tag"s i—k s—1

t=1 "4 " k=t .

i rt—1 t—t+s—1

— Z Z q(k—s—i-l)(r—s)
t=

q
A
T lad S

i—i—r—t—k—ﬂ [ k ]
r—s—1 s—1|°
q q

Taking s —1=p,i—t+r—2=nandr—s—1=min (1.1), we get

i—i—r—t—l] gt
_ it
r—1 qtqjq

%

D

t=1

= H;(]v Q) = Q4 j,

as claimed. g
Theorem 3.2. For n > 0, the inverse of F,, has the terms as follows:

B (—1)itd gmitr=)+(7) [17%] if0<i—j<r—s+1,
g = T -
0 otherwise.

Proof. For i = j, we have

n

> i
k=1
= En: (= 1)tk gilr=s)+(F)+ir—) |7 = 8| R it =S =]
k=1 i—k k—i
— , q
- zn:(_l)i+kq(i—2k) r—s| |k—i+r—s—1 .
k=1 i—k k—i )
— . ,
n
Similarly, for 7 # j, we have > fi_kl fr,j = 0. Thus, the proof is complete. (]
k=1

Corollary 3.3. For1 <n<r—s+1, then

S - n —n(r—s)+("7F)|T — S r
H: (a,q) = 3 (—1)"H gnr=)+(5") HY (a,q).
= n—=k .

Proof. Equating (n, a)-entries of the matrix multiplication F,; ' A,, = C,, gives the claimed
result. O
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